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Abstract

The mathematical formulation of the steady-state temperature field in multi-dimensional and multi-layer bodies is
presented. The numerical examples are for two-layer bodies and they include boundary conditions of the first, second,
and third kind. This study includes tables to assist the selection of eigenfunctions and computation of the eigenvalues.
The computations include the contribution of contact resistance to the temperature solution. An efficient computational
scheme for calculating the eigenvalues is used. For multi-dimensional, multi-layer bodies, the eigenfunctions are real if
each layer is homogeneous; they may become imaginary if layers are orthotropic.
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1. Introduction

Cooling problems related to device protection have
emerged in many electronic devices. Often, analytical
heat conduction solutions provide important insight and
tools for designing such devices when composed of
some basic elements, such as composite parallelepipeds.
Moreover, exact solutions to these problems are im-
portant tools in the emerging field of verification of
numerically based solutions [1,2]. For these and other
related problems, the analytical solution of temperature
fields in three-dimensional composite layers is impor-
tant. Analytical solutions can provide accurate and ra-
pid insight into the behavior of temperature and heat
flux distributions that could be difficult to realize from
the numerical solutions. In addition, a steady-state so-
lution is a useful tool to aid in the study of the structural
integrity of layered devices in electronic applications.

Spreading and constriction resistances play a major
role in the cooling of electronic packages. Ignoring these
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phenomena can be detrimental in the design of systems
because hot spots may be present due to constriction or
spreading of heat flow. For example, modeling as a
uniform power at the base of a heat sink, when in reality
the power due to the device is on a small portion of the
base surface, will result in an erroneous estimation of the
junction temperature. The power distribution in many of
the chips in today’s technologies is far from uniform
since hot spots are commonly present. In many devices,
over half of the power could be located in less than one
third of the device area. These hot spots not only result
in the junction temperature exceeding the design speci-
fication but also significantly decrease the reliability
associated with thermal stresses. Interface resistance
constitutes a major portion of the “thermal budget”. It
is estimated that the AT portion of the overall resistance
of a first level package can be as high as 30%.

Closed form solutions to estimate spreading and or
constriction resistances have been very important in the
design of devices. The most widely used analytical solu-
tion for these problems is by Kennedy [3] who derived the
axisymmetric temperature distribution for a cylinder with
a small circular surface area heated on one end and an
isothermal condition on the other end, which is the heat
sink side. Since then, a number of authors have expanded
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Nomenclature

a, b, ¢, d dimensions in Fig. 1, cm

A, B constants, in Region 1

A Fourier coefficients

Bi; hib/ki, in Region 1

Biy hy(c — b)/ky, in Region 2

Bi, 1/R,

C,D constants, in Region 2

F a specified function

gi volumetric heat source in region i, W/cm?

i, indices

kix thermal conductivity in Region i along x,
W/ecm K

kiy thermal conductivity in Region i along y,
W/em K

ki, thermal conductivity in Region i, along z,
W/em K

m, n, p indices

Nim norms for x-direction

Nymmp ~ norms for y-direction

N, norms for z-direction

q heat flux, W/cm?

qx x-component of heat flux vector, W/cm?

qy y-component of heat flux vector, W/cm?
q. z-component of heat flux vector, W/cm?
v (D

R contact resistance, cm? K/W

Rb Rkl y / b

RE szy/(c — b)

S Vkiz / kiy

T; temperature in Regions i, K

Ty ambient temperature, K

x,y,z coordinates, cm

X eigenfunction in x-direction

Y eigenfunction in y-direction

VA eigenfunction in z-direction

Greek symbols

B eigenvalue for x-direction, cm™!

1

Ynp eigenvalue for y-direction in Region 1, cm™
Ny eigenvalue for y-direction in Region 2, cm™!
v, eigenvalue for z-direction, cm™'

{03 a function in Example 1

0 temperature function

14 eigenfunction, see Eq. (A.2)

that study to include a heat transfer coefficient boundary
condition on the heat sink side [4]. In addition, investi-
gators have also studied the effect of multi-layered solids
with application to printed wiring board (pwb) and the
resulting heat transfer phenomena [5]. That study [5]
considers a multi-layered orthotropic body with a rect-
angular cross-section, which mimics pwb’s much better
than cylindrical geometry. Boundary conditions of the
first and second kind on the heated side, and a boundary
condition of the third kind on the heat sink side are
considered. The power distribution is very general and
can include many heat flux patches thus representing
distinct heated devices depicting chips or first level
packages on the pwb. The effect of contact resistance
between the solids is also included. The boundary con-
dition on the sides can be that of the first and second kind,
that is, temperature or heat flux. This general solution
considerably enhances an engineer’s ability to accurately
compute the temperature distribution in a variety of
electronic cooling applications. Although the emphasis of
this study is on verification, the fast computation time is
significant for practicing engineers, since lead time for
designing products is always getting shorter.

This study complements recent work on transient
conduction in multi-dimensional layered materials by
Haji-Sheikh and Beck [6]. Earlier, one-dimensional
orthogonal solutions in a composite medium were pre-
sented by Tittle [7] who described a generalized Sturm-

Liouville procedure for composite and anisotropic do-
mains in transient heat conduction problems. Various
mathematical details are in [8,9]. For the purpose of
parameter estimation, Dowding et al. [10] presented an
experimental and numerical study of a two-dimensional,
two-layer solution with prescribed heat flux over all
surfaces. Aviles-Ramos et al. [11] use the data in [10] and
report that it is necessary to retain all eigenvalues, real
or imaginary, to satisfy the completeness criterion of the
solution in a transient problem; details are in Ref. [6].

Computation of temperature in multi-dimensional,
multi-layer bodies exhibits a few features that are not
commonly observed when computing the temperature in
homogeneous bodies. As stated in [6], the eigenvalues
may become imaginary and, therefore, the correspond-
ing eigenfunctions will have imaginary arguments. Also,
care [6] must be exercised when computing the eigen-
values since the spacing between successive eigenvalues
changes between zero and a maximum value. This work
includes a procedure to target a band within which only
one eigenvalue will be located as reported in [12] and a
hybrid root finding scheme [12] is then used to rapidly
compute the numerical value of that specific eigenvalue
with a desired accuracy. It is possible to efficiently
accommodate the contribution of the imaginary eigen-
values hence eliminating occurrence of numerical insta-
bilities as the number of terms in a series solution
becomes large.
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Fig. 1. Schematic of a two-layer body selected for this study.

Steady-state solutions complement transient solu-
tions. However, in some cases transient solutions can
enhance the accuracy and efficiency of steady-state so-
lutions [2,13,14]. This topic is beyond the scope of the
present paper.

The basic geometry considered in this paper is for
two layers of different materials one above the other in
the y-direction as shown in Fig. 1. The first material is in
Region 1 which has a thickness in the y-direction of b,
length in the x-direction of @, and in the z-direction of d.
The second material is in Region 2 and has a thickness
of ¢-b in the y-direction. Both materials can be ortho-
tropic; that is, the thermal conductivities in the x-, y- and
z-directions can be different in a given region. Further-
more, a thermal contact resistance is at the interface
between the two materials. Perfect thermal contact is
treated by letting the contact resistance be zero.

It is generally acceptable to use superposition of the
temperature solution to solve the problem in two simpler
parts: In the present problem, the first part considers
nonhomogeneous boundary conditions at y = 0 and/or
y = ¢ while all other boundary conditions are homoge-
neous. In the second part, the boundary conditions at
y=0 and/or y=c¢ are homogeneous while other
boundary conditions could be nonhomogeneous. Ac-
cordingly, the mathematical formulations presented here
also consist of two parts. The solution having nonho-
mogeneous boundary conditions along y =0 and/or
y = ¢ surfaces follows a standard solution technique; a
brief presentation is provided for the sake of complete-
ness. The emphasis of this work is directed toward the
case when one or more nonhomogeneous boundary
conditions exist along the surfaces x =0 and a, and
z=0and d.

2. Temperature solutions

The diffusion equation for orthotropic Regions 1 and
2 takes the following forms

T Ty Ty

kiy — o + k= 3 k12¥:0 in Region 1 (1a)

T, T T
622+k2v—2+k2z :

Fex 02 o2

=0 in Region 2 (1b)
The boundary conditions for specific cases are consid-
ered later. Using the method of separation of variables,
one can set

Ti(x,p,2,t) = X1(x)Y1(v)Z(z) in Region 1 (2a)
and
By(x,y,2.8) = X%:(x) ()% (z) in Region 2 (20)

In order to separate variables, the compatibility condi-
tion at y = b requires that X; =X, and Y, = 1;. Fol-
lowing substitution of 7} from Eq. (2a) in Eq. (l1a) and
T, from Eq. (2b) in Eq. (1b), the result is

" " "

X] Y Z;
ku + kly— + k.Z =0 in Region 1 (3a)

" " "
kzXX + szY— + sz Z =0 in Region 2 (3b)
Z
As stated earlier, the solutions for these equations when
a nonhomogeneous boundary condition is located over
y =0 or y = ¢ surface is markedly different from a so-
lution that uses a nonhomogeneous boundary condition
over any other surface. Accordingly, there are two basic
solutions; each is discussed separately.

2.1. Nonhomogeneous condition over y = ¢ surface

Solutions of this type have broad applications when
designing heat spreaders for electronic devices. Typi-
cally, it is possible to have a discontinuous heat flux
function at, e.g., y =c surface simulating heat flux
leaving different devices. A convective boundary condi-
tion over the y = 0 surface hints toward the existence of
a cooling fluid or a heat sink system. Boundary condi-
tions of the first or second kinds are possible on the
x=0,a and z =0,d surfaces but not the third kind
(Boundary conditions of the first kind denote prescribed
temperatures, second kind denote prescribed heat flux
and the third kind prescribed ambient temperatures in a
convection condition.).

In this derivation, X;, X3, Z;, and Z, in Egs. (2a) and
(2b) should satisfy the conditions:

XX =X /X =—f (4a)
7|7, =7} ] 7y = —v* (4b)
whose solutions are

X; =X, = Ecos(fx) + Fsin(fx) (4c)
Zy = Zy = Geos(vz) + H sin(vz) (4d)

where f and v are eigenvalues depending on the specific
type of homogeneous boundary conditions. Differential
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equations for ¥; and ¥, can be obtained following sub-
stitution for 77 and 75 in the appropriate forms of the
diffusion equation,

—k B+ kY] /Y — ki =0 )
—lo B+ ko, Yy [ Vs — kov? = 0

that yields

Rk T (©)
YfZN kflxﬁ2+k22 2_n2
Y, ky ko,

As a shorthand notation, one can set r; = \/k;/k;,, and
ki./ky for i =1 or 2.
The values of y and #5 are obtainable by the relations

P =+ s (7a)
7 =nf + 57 (7b)
The solutions for ¥; and Y, functions are

Y) = Acosh(yy) + Bsinh(yy) (8)
Y, = Ccosh(yy) + Dsinh(iy)

An alternative form of Y, is
Y, = Ccosh[n(y — b] + Dsinh[n(y — b] (8a)

The boundary condition of the first kind at y = 0 makes
A = 0 while the boundary condition of the second kind
at y = 0 makes B = 0. The boundary condition of the
third kind leads to a relation between 4 and b. Table 1
contains the values of 4 and b wherein a nonzero con-
stant is set equal to unity. The compatibility conditions
at the interface, y = b, are

~k0T /0y, = (Ty = Ty)l, /R (%)
0,073 /0], = o, 0T/, (9)

The coefficients C and D for the boundary conditions of
the first, second, and third kinds at y = 0 are given in
Table 1. The notation J in the first column of this table
implies that there is a nonhomogeneous boundary con-
dition of the Jth kind at y = c.

Based on Egs. (4a) and (4b), X =X, =X, and
Z = Z, = Z,. The eigenfunctions x and z depend on the

homogeneous boundary conditions over the respective
surfaces to produce the eigenvalues f,, and v,. These
solutions are designated as X,,(f,,x) and Z,(v,z). Since in
Egs. (7a) and (7b) y and # also depend on both f,, and
v, they are identified as y,,, and v,,,. Once X, Y1 s Y2 n»
and Z, are in hand, the temperature solutions take the
following forms

Tl (x7y,z) = Z ZAmnXm(ﬁmx)Zn(vﬂz)Yl-m"(ymny) (103)
m=1 n=1
TZ(x7y?Z) = Z ZAmnXm( mx)Zn(an)YZ,mn(’/lmny)

1 n=1

3
I

(10b)

It is to be emphasized that the functions X, (f,x) and
Z,(v,z) are solutions of Eqgs. (4a) and (4b) for boundary
conditions of first and second kind. Therefore, they have
the form of sine and cosine. Consider now the case for a
continuous or sectionally continuous heat flux ¢(x,c,
z) = —ky(y)0T>/0y over the z = ¢ surface,

Q(x’ c>Z) = qO(xvz)

00

= _ka Z ZAmn)(m (ﬁmx)zn (VnZ)ﬂmn Yz’.mn (nmnc)

m=1 n=1
(11)

The orthogonality conditions in the x- and z-directions
suggest

A = kznyl.mNz.n o Y:',,in(c)
X /do /00 qo(x',2) X (B, X)) Z, (v,2) dx' d2' (12)
where
Now = [ oo ds (13)
d
M= [ e (14)

The temperature solutions having boundary condition
of the second kind at y = ¢ are

Table 1
Solution coefficients for steady-state heat conduction in two layers when Y; = 4 cosh(yy) + Bsinh(yy) and ¥, = Ccosh[n(y — b)] +
Dsinh{n(y — b)

Case [9] A B C D

Y1J* 0 1 sinh(yb) + ky,Ry cosh(yb) + (v/n)(ky /Ky ) cosh(yb)

Y2J 1 0 cosh(yb) + ki, Ry sinh(yb) (y/n)(k1y/kay) sinh(pb)

Y3J 1 I /keyy cosh(yb) + i / (ki) sinh(yb) (Kiy /oy ) (2/m) (1 /eryy) cosh(yb)

+ i, Ryl /b1, ) cosh(yb)+ sinh(y0)]

+ sinh(yb)]

#J stands for a boundary condition of the first, second, or third kind at y = c.
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>N o X (BX) Zy (Vaz
Tu(xvy,z):*ZZ%

i — Ve miVzn

Yl-m" (’any)
Hn YZI.mn (nmnc)

od a
Jz=0 Jx=0

oo o0 Xm
Rnns) = -3 3 elerlalnd)

m=1 n=1

)dx'dz’
(15a)

>< }/2 mn (nmr/y)
nmn YZ/ mn (nmnc)

x ./2:0 -/x:() ‘10(x,»Z/)Xm(/))mxl)Zn(v,,z’)dx’ dz
(15b)

Based on the classical approach [9, Appendix X],
X (B,x) = sin(B,x) for a boundary condition of the first
kind at x=0. Similarly, X, (f,x) =cos(f,x) for a
boundary condition of the second kind at x =0. In a
similar line of reasoning, Z,(v,z) = sin(v,z) or Z,(v,z) =
cos(v,z) for the boundary conditions of the first kind or
the second kind at z =0, respectively. Moreover, f,,
depends on the type of boundary conditions at x = a, and
v, depends on the type of boundary conditions at z = d.

Consideration is given to a two-layer body each
isotropic with perfect contact, as shown in Fig. 1, having
ka/ki=1/3, d/a=1, ¢/a=1/2, and b/a=1/4. The
surface at y =0 is exposed to a convective boundary
condition with ha/k; =1/4 and there is a prescribed
heat flux g, over the y = ¢ surface extending from x = 0
to x=a; and from z=0 to z=d; while all other
surfaces are insulated. Eq. (15b) produced the follow-
ing results for different heated regions a;/a =d,/d =
0.1, 0.25, 0.5, and 1.0 the computed dimensionless hot
spot temperatures are k(7T — T )/(aqo) = 0.3399081,
0.8738421, 1.9183105, and 5, respectively. Using this
approach, a relatively large number of terms were used
to acquire these data. For a higher accuracy with a
smaller number of terms, alternative methods [2,9,14]
are available; e.g., time partitioning [9] can provide a
higher accuracy with a fewer terms.

2.2. Nonhomogeneous condition over x = a surface

Solutions to problems with the specified nonhomo-
geneous boundary conditions at x = a require special
attention. Computation of the eigenvalues often requires
iteration and the orthogonality condition has its unique
features. To illustrate the solution method, consider-
ation is given to the case when temperature is known
over the x = a surface. Then, only minor modifications
can produce solutions to problems with other boundary
conditions. When using Egs. (3a) and (3b), one can set

W=y (16a)
Y)Y =—n (16b)
)2 =2))2, = - (16c)
and

X /X =X )% = (16d)

After substitution, this yields the relations

k k
5 Ix 2 1z 202 2.2
2 — _ 22 — 17
Y ki, knv B —sy (17a)
k
k—[f ——ZZ 27r2[f —52 (17b)
2y

Note that for isotropic materials, r, =s; =1 and r, =
sy =1, then 92 = > —v? = 5%
The solutions for Y; and Y, are

Y; = Acos(yy) + Bsin(yy) (18a)

Y, = Ccos(ny) + Dsin(ny)
= Ccos[n(y — b)] + Dsin[y(y — b)] (18b)

and the solution for Z = Z; = Z, remains as given in Eq.
(4d). The solutions for X =X, = X; is

X = Ecosh(fx) + F sinh(fx) (19)

The coefficients 4 and B for each of the boundary con-
ditions of the first, second and third kind at y =0 are
listed in Table 2. The coefficients C and D that satisfy the
compatibility conditions at y = b are also listed in Table
2. Moreover, the boundary condition at y = ¢, provides
the eigenconditions as described in the transient solution
[6]. Table 3 lists the eigenconditions for nine different
combinations of the boundary conditions at y = 0 and
y=c.

As a prelude to the computation of temperature, the
calculation of eigenvalues for the y-direction is the major
task. The computation of eigenvalues follows a similar
procedure as described for the transient problems by
Haji-Sheikh and Beck [6], except, y and # are now re-
lated to each other differently (see Egs. (17a) and (17b)).
A sample of a numerical scheme to compute the eigen-
values is given in Ref. [6]. According to Egs. (17a) and
(17b), it is possible to have s> > 2> or s3v* > 137,
thereby making y or g imagmary Followmg the com-
putation of eigenvalues from an appropriate transcen-
dental equation in Table 3, the temperature solutions
in Regions 1 and 2 are given by a relation similar to
Egs. (10a) and (10b); however, the eigenfunctions are
different,

00 00

Ti(%,3,2) = > Y AnXp(B) Zu(02) Vi (1) (200)
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Table 2

Solution coefficient with contact resistance for ¥; = 4 cos(yy) + Bsin(yy) and Y,

= Ccos[(y — b)] + Dsin[y(y — b)]

Case [9] A B C D

rie 0 1 sin(yb) + ki, Ry cos(yb) (v/n)(kiy [kay ) cos(yb)

Y2J 1 0 cos(yb) — kiyRy sin(yb) =(7/m) (kiy/kay) sin(yb)

Y3J 1 h[kiyy cos(yb) + i/ (ky,y) sin(yb) (kv /k2y) (/) [(1 /Ky y) cos (D)

+ ki, Ry[(h1 /kiyy) cos(yb) — sin(yb)]

— sin(;b)]

#J stands for a boundary condition of the first, second, or third kind at y = c.

Table 3

Eigenconditions for Y11, Y12, Y13, Y21, Y22, Y23, Y31, Y32, and Y33 cases

Y11 cot() = — (c 7 b) (%) (%) #ﬁtm

iz wnin) = (57) () () 5 7 e

s (Bir Rcﬁ?)t:lrf(ﬁﬁ))ll;zl T RBR) <_> < > @j) i

Y21 cot(17) = <C 5 b> n) <l/2y> 1 —E:,I;Qn( 7)

y2 want) = ~(57) (1) (32) #(t)m

ra3 (Bi> — Rl,ﬁ?)t?:ri(ﬁﬁ))_JrBﬁizl T RBL) b) G) <2}> )

Y31 cot(7) = (C - b) (%) (’%) (le_ Rw’ tan(«’;) B( 1+ R,Bi)
Ftan(y) — Biy

Y32 tany = — d) 7 (B
= b ) \ky) (Biy — Ry

)tan(7) + (1 + R,Biy)

Y33 ntan(n) —Bi> _ (C - b) (1) <1;1> Ftan(7) — Biy
Biytan(i) +7 \ b J\ir) \ky/ (Biy — R, tan(y) +7(1 + R,Biy)

The parameters y and  are related by the relations 2 = 12” — s%v* and > = r3f* — 57

Notations: 7 = yb, 7j =n(c—b), Biy =hb/ky,, Bi=hy(c—
(T) = T3)|,_y /R = —ky-(OT /)],

7y> Z Aannp ( ynz) YZ.np (77,1py)

p=1 n=1

(20b)

According to Egs. (17)-(20), for each eigenvalue in the z-
direction, there are two sets of eigenvalues: (v,,7,,) in
Regions 1 and (v,,1,,) in Region 2. The corresponding
eigenfunctions for the y-direction are Y;,,(y,,») in Re-
gion 1 and Y,,(n,,y) in Region 2. These eigenvalues
provide f,, Egs. (17a) and (17b) and the function
X.,p(B,,x) for the x-directions. Next, the coefficient 4,,, is
obtained using a nonhomogeneous boundary condition,
e.g, T =T (a,),7) at x =a. To utilize the boundary
condition in subsequent computations, it is necessary
to identify a required orthogonality condition. The
derivation of the orthogonality condition peculiar to this
steady-state solution is relatively extensive hence it is
described separately, see Appendix A. To elucidate the
algebraic steps leading to a solution, it is assumed that

b)/kzy, Rb :Rkly/b R —szy/(C7

b), and R is defined so that

the temperature is prescribed over the x = a surface.
Then, the value of 4,, for inclusion in Eqs. (20a) and
(20b) is obtained using the orthogonality condition, Eq.
(A.8), as

1 1
" Nl nprz an(ﬁnpa)

d b
X / I:/ leTl (a,y/7Z,)Yl,np(’ynpy/)dyl
z y=0

=0

A

+/ kszz(a y Z)Yan(’?an)dy (vﬂ )dZ/
y=b
21

Note that this orthogonality condition in Eq. (A.8) (in
Appendix A) contains the thermal conductivity values as
a weighting function and leads the following definitions
of the norms
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b
NY-,”IP = / 0 klx[Yl‘np(’ynpy)]z dy
y=

+ / ; Jexe [Yap (1,,0)) dy (22a)
New = / :O[Zn(m)} dz (22b)

When a homogeneous boundary condition is located
over the z = d surface, the solution is similar to the above
with a minor modification of Egs. (20)—(22); that is,

T xy7 722"4”1‘0

Vmpz X (B x)Ylmp(/mpy)

(23a)

X Y Z Z ZAmpZmp Vmpz m(ﬁ x) YZ m[l(ﬂmpy)

p=1 m=1

(23b)

After some modification, Eq. (21) yields the coefficient
A,y as

1 1
" Ny mpNxn Zon ("mpd)

a b
X / |:/ klle (x/7y/7 d) Yl.mp(ympy/) dyl
x=0 y=0

+ / kZZTZ(xlvy/vd)YZ-mP(rlmpyl)dy, Xm(ﬁmx,) dx,
¥

i (24)

A

wherein the norms for the y- and x-directions, after a
minor modification, are

b
Nv.mp = / klz[Ylmp(k))mpy)]2 dy
y=0

+ / kzz[YZ.mp(nmpy)]z dy (253)
y=b

Now = /;[memx)}zdx, (25b)

At this point, it is appropriate to evaluate this method-
ology through a numerical example.

3. Numerical studies

Two numerical examples are selected in order to
demonstrate the mathematical steps and provide a
measure of the numerical accuracy. These examples are
chosen because the heat flux distributions can be dis-
continuous at the interface; consequently, these are
particularly challenging cases.

Example 1. Consideration is given to a case where the
solid depicted in Fig. 1 has insulating walls at y =0,
y=c¢,z=0, and z = d while the surface at x = 0 is kept

at temperature 7; = 7, = 0 and there is a prescribed heat
flux over the x = a surface. Therefore, Eq. (21) for in-
clusion in Egs. (20a) and (20b) needs to be modified.
Table 2 provides the eigenfunctions for the y-direction
and Eq. (4d) provides the eigenfunction in the z-direc-
tion; that is, Z,(v,z) = cos(v,z) with v, =nn/d and
n=20,1,2,...,00. A solution, described by Eq. (19),
that satisfies the homogeneous boundary condition at
x = 01is X,,(B,,x) = sinh(f,,x) in which f,, relates to n
and y,, in Region 1 and » and #,,, in Region 2. Egs. (20a)
and (20b) provide the temperature solution, in Region 1
or 2, following appropriate substitutions as

Z ZA,,,, sinh(f, x) cos(nnz/d)

p=1 n=0

Ti(x,y,z)

x c0s(7,,) (26a)

2(x, 3,2 Z Z np SINN (B, x) cos(nnz/d)

p=1 n=

x {Cypcos[i,,(y — b)] + Dy, sinn,, (v — b)]}
(26b)

The function Y,,, is the entry Y2J in Table 2 that con-
tains the coefficients

C,p = cos(y,,b) — ki,Ry,, sin(y,,b) (27a)
l_)'l[’ = _("I)np/nnp)(kly/kzy) Sin(ynpb) (27b)
The nonhomogeneous boundary condition at x = a is

oT;
gi(a,y,7) = —kixa fori=1or?2

x=a

that produces
(rr2) = =2
p=1
X COS(Vnpy)

2(x,¥,2) Z

x {Cnn c0s[1,,(v = b)] + Dy sinfn,,, (v — b)]}

For a numerical study, consider the problem in which
q1 = q2 = qo = constant, d/a =1,b/a=1/4, and ¢/a =
1/2. The coefficient 4,, is obtainable using the ortho-
gonality condition in Eq. (A.8); that yields,

1 -1
Nv,npNZ.n ﬁnp COSh(ﬁnpa)

d b
X / { / 1 c08(7,,y) dy
z=0 y=0

+ / ; q2{C,y cosn,,(y — b)]

[M#

AypkixB,, cosh(B,,x) cos(nnz/d)

B
Il
o

NgE

Ak, cosh(p,,x) cos(nnz/d)
T

Ay =

+Dypsinln, - D&y ostonz/aydz (29



2370 A. Haji-Sheikh et al. | International Journal of Heat and Mass Transfer 46 (2003) 2363-2379

wherein
b 2
Nop= [ leos(i'ds
=

+ / kae{Cop cSliy (v — B)]

+ D, sinn,, (v — b)]}>dy (29)
and

d ) d when n =0
Nz,n = /z O[COS(}’ITIZ/d)} dz = {d/2 when n>0 (30)

Since ¢; = ¢, = qo = constant is independent of z, then
the coefficient 4,, =0 when n > 0 because of the fol-
lowing term in Eq. (28)

d d when n =0
[70 cos(nnz/d)dz = {sin(;z:{t) —0 whenn>0 31)

and the problem becomes two-dimensional. Accord-
ingly, the coefficients in Egs. (28) and (29), when y,, > 0
and #,, > 0, reduce to

4 = —4q0
v Ny‘ﬂ/’ﬁnp COSh(ﬁnpa)
sin(y,,b) — sin —b
o {sinnb) o sinla (e~ b))
ynp nnp

— 1 —cosp,,(c—>b
5, [Z,,( )]}
np

and when y,, > 0 and #,, > 0,

b . 1 —
N’,n = klx -+ Sln(z’yn b) + kzx{ Py (Cn +Dn )
y.np 2 4,y”p P 2 P P
1 — —
x (¢ —b) + CopDup{1 — cos[21,,(c — b)]}
21,
L@ —p)sin2 b 33
+ 47/Inp( np np) Sln[ r,np(c - )} ( )

while the coefficient a,,, and 5,,,, are in Eqgs. (27a) and
(270).

The eigenvalues for the y-direction are found from
Table 3 using the entry Y22. The solution presented here
is equally valid for orthotropic bodies, as the ortho-
tropic effects should be considered when computing the
eigenvalues and when using the boundary condition of
the second kind or third kind. In this numerical example,
consideration is given to a special case when b =c — b
and materials are isotropic. This condition leads to some
simplification, that is, 7 =7 and tan(7) = tan(7). Ac-
cording to the Y22 eigencondition in Table 3, there are
two sets of eigenvalues. The members of both sets are
the roots of equation

(1 - Rify tan(s, ) an(z,) =~ tan,) (34)

which yields the two conditions of

i ki + ko
R, Kk

cos(y,) =0 forp=1,23,... (35b)

7, tan(y,) = forp=1,2,3,... (35a)

The eigencondition given by Eq. (35a) is the same as for
the X23 (or X32) [9] case.From Egs. (35a) and (35b)
which imply b = ¢b, isotropic materials and R, = 0, the
first set of eigenvalues is

7,=(p— /2 forp=1,273 .. (36)

The second set of eigenvalues is
?p:(p*I)TE, p:172737"' (37)

Therefore, in this example there are two sets of eigen-
values to be incorporated in the temperature solution;
recall for this example that, 5 = 7 = p.

Because of the integral in Eq. (31), only the term
p =1 from the second set contributes to the solution;
therefore, after replacing 4,, by 4, and as 7, — 0, the
value of 4, sinh(y,x) becomes

[sinh(ypx/b)] _ { sin(y,b)

lim[sinh(7,x/b)4,] = lim
p—1

=0 ?p/b Nv,l 7p/b
Lo sinlfy(c = b)/b
v /b
+D 1 fcos[vp(cfb)/b]
np 7p/b
—4qox =
= b —b
3o B+ Cole—b)
—2(]0[7)6
=— 38
N, (38)

In this limiting quantity, ¢ — b = b and for the second set
of eigenvalues given by Eq. (37), when p=1, 7,=0
and using Egs. (27a) and (27b), one gets C,, = C, =
cos(7,) =1 and D,, = D, = 0. For the first set of ei-

genvalues given by Eq. (36), 4, is

4 = *%bz
? N,p7,cosh(7,a/b)
) { sin(s,) | ¢ sl e = £)/3)

’yp ’yp

(39)

Moreover, the coeflicients for the first set of eigenvalues,
using cos(¥,) = 0 and R = 0, reduce to

C, =

Ql

=0 (40a)

o]
Il

np Bp = _(kl /kz) Sin(’ynpb) (40b)
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For (¢ — b) = b, following substitution for C,, and D,,
from Egs. (40a) and (40b) in Eq. (32), one obtains

b sin(7,) [1 = (ki /k2) sin(7,)]

A, = — — -
? Nypj,cosh(7,a/b) 7,

(41)
Eq. (29), following integration and substitution of C,,

and D,,, yields the y-direction norms for the second set
of eigenvalues as N, , = b(k; + k,) when p= 1 and

b b b _
N"-P = k] 5 + kz 2 + 4T sm(2yp)} (42)

when p > 1. Since the sine term in the above Eq. (42)
vanishes for all values of p > 1, then

N = bk + k),
P R (ke + k),

For the first set of eigenvalues, when ¢ — b =5 and
R =0, the norm for the y-direction reduces to

L S) (44)

when p =1

when p > 1 (43)

From the above equations the temperatures in Regions 1
and 2 for the special case of b = cb and for isotropic
materials in perfect contact, R = 0, the temperatures are

e 2 5 (3-)
" zx: sin(7,) cos(7,y/b) sinh(y,x/b)
(7,)* cosh(7,a/b)

(45)

sin[y,(y — b)/b] sinh(7,x/b)
ko (?p)2 cosh(y,a/b)

(46)

where, in Eq. (46), the quantity sin[y,(y — b)/b] reduces

to sin(7,) cos(7,y/b) using the eigenvalues given by Eq.
(36). Then Eq. (46) becomes

—2(]0b X k1
Lx,y) = i+ {3— (1 _k_z)
[ (=1 cos(7,v/b) sinh(7,x/b)
2 { (5, cosh(7,a/b) } }

(47)

The negative sign in front of Egs. (45) and (46) implies
that positive heat flux flows in the direction of the x-axis;
that is, positive if leaving and negative if entering
this body at x = a. Furthermore, for this special case,
the temperature over the y = b surface changes linearly
with x.

Using the eigenvalues given by Eq. (36) and the
transformed y variable of )y =y — b, the temperature
distribution given by Eqs. (45) and (46) can be written as

T(x,y)
qoa/[(ki + k2)/2]

x k—kb x )y a ,
I sz .2 —_b<yY <
B a I aSS<a’b’b ’ b<y'<0
B x k—kb xy a
Z_ sz .2 <y <
a kz aS <a7b7b ? O\Y \b
(48a)
where
s, f)i a z”:sin 7,y /b) | sinh(7,x/b)
a'b’b — 7, ) cosh(7,a/b)
p= P

Z“’: sin

=1

vpy '/b) [e-Tola/b _ gTylatx)/b
1 + ¢ 20/t

(48Db)

and T stands for 77 or 7». The notation S has a subscript
s to denote the presence of the sinh function in the nu-
merator. Notice that S; is equal to zero at x = 0 and also
at y/ = 0; that is,

yoay _ AN
SS<0,b,b)_0 and Ss(a,o,b)_o (492)

The first of these relations describes the imposed
boundary condition at x = 0. The second one shows that
the temperature distribution is linear in x and it is given
by

_ Ix0 o«
qoa/|(k +k)/2] a (49b)

Another important observation is that

x Vay_ ((xV.a
Ss(a’ b7b>_ Ss(a7b7b) (49(:)

This relationship permits ready evaluation of the S
function for negative values of y/. Hence, the S function
need be plotted only for positive arguments. Further-
more, S describes the anti-symmetric component within
the temperature distribution about y' = 0.

The exponential form of S; (see Eq. (48b)) can be
used to determine the required number of terms in the
series, provided x # a. The largest and most important
of the exponential terms is exp[—7,(a — x)/b] which is
less than 1073 if

= a—x Ta-—x
(})p)maxT - z(pmax - 1)5 b <11.5 (SOa)

and thus

b 1 b/a 1
pmax~3.66m+§73.661 —x/a+§ (50b)
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For the exponential term less than 1071°, the coefficient
3.66 is doubled to about 7.33. Notice as x approaches a,
the number of terms increases dramatically. However,
for x =0.95a and b = a/4, the maximum number of
terms in S; to have an error less than about one part in
10719 is 19. Actually fewer terms would be necessary but
this is a convenient equation to use. At x = a, an infinite
number of terms would be required using the above
equation.

Since this location is an important one, an alternative
solution is given. For this special case, the transforma-
tions

T1(x,y) = —qox/ky + 0, (x,y) (51la)
D(x,y) = —qox/ka + 02(x, y) (51b)

shift the nonhomogeneous boundary condition from
X =a to y = b, thereby providing accurate solutions in
both layers along the x = a surface. Using the above
transformations, which is beyond the scope of this pre-
sentation, the analogous solution is

T(x,))
qoa/k

x k—k xy
-— S| =,%;—,RT ),
 hth R(a7 1T )

kl X kz—kl
k2 a k1+k2

_ 2§: —1)" sin(y,x/a) cosh[(7,b/a) (1 — v'|/b)]
< (7,)'[5,R* sinh(7,b/a) + cosh(7,b/a)]
(=17 sin(7,x/a)[e O 4 g Tt/
(T, TR (1 = e 0e) 4 1 4 e 20/
(53a)

and

ky Rk

+ — _
ki +k a

(53b)

In general, the solution converges quickly for |y/|/a not
being very small and it is the worst for |y/|/a =0. In
particular, it converges very well at x = 0, except when )/
approaches zero. The maximum number of terms in the
series is found in an analogous manner as Eq. (50b) and

1S
P 366% f’ %: 3.66 (54)

o
(b/a)(y'|/b) 2

If a/b=4 and y = b/20, pm.x = 293 which is not a
large number for a single summation. In contrast, if

SEyT T T T T T T T T T T T T 73
43‘ ) i
i\ —— P, for Sg. Eq. (50b) E
2_\\ \\ === D for Sc, Eq (54) t
102k NDra=0.25 bla<4
6F
°E
4F
3-
s oF
o
10’
6
5
4F
3-
2
0

10°F

0.0 0.1 0.2 03 04 05 0.6 0.7 0.8 09 1.0

x/a in Eq. (50b) or y'/bin Eq. (54)

Fig. 2. Maximum number of terms, pp., for S5 and S. as
functions of x/a in Eq. (50b) or ' /b in Eq. (54).

a/b=0.25 and y = b/20, pm.x = 18. The convergence
characteristics of Egs. (48b) and (53a) are quite different
but they are complementary. This is demonstrated in
Fig. 2 where the maximum number of terms py,.x for S
and S, functions, at different values of b/a, is plotted as a
function of x/a in Eq. (50b) and as a function of y//b in
Eq. (54). The convergence of S; rapidly improves away
from x/a = 1 and S, away from )’ /b = 0. In general S; is
better for small b/a values and S, is better for large b/a
values.

Since S.g appears in both materials in the solution, it
is instructive to examine it. First consider the case of
perfect contact. Then S;x becomes (denoted now S;)

xy b
s 252
(a b'a)

—2y° (=1)""" sin(3,/a) cosh[(3,b/a)(1 - /| /b)]

p= (7,)* cosh(7,b/a)]
0 p+l - = —7,(b/a)ly'| /b -7, a)(2—]y

_ 22 (=1 sm(«/px/a)ge (b/ >\7\// + e T(b/a)2-1/1/0)]
p= (7,)°[1 + e /]

(55)

Again the most slowly convergent location is at y/ = 0;
fortunately as shown below, that location has a simple
algebraic expression.

Now, one can write two different expressions for the
case of zero interface resistance. Equating Eqs. (48a) and
(52) with Sir replaced by S, for the region of 0 <y < b
gives
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i

b

)] (56)
Solving for S, gives

xy b X b xy b
Sel === | ==—2=8 =,5;— 57
<a’b a> a a <a b'a (57)

Using the second equation from Eq. (49a) in Eq (57)
gives the simple algebraic expression (at the difficult
location for Eq. (55) at )/ = 0) of

&(?0,9) _x (58)
a a a

Egs. (52) and (53) provide an alternative method of
obtaining accurate temperature values along x = a.

For a numerical study, when b/a =1/4, ¢/a =1/2,
and k,/k; =2, Fig. 3a shows the variation of dimen-
sionless temperature kT (x,y)/(aqo) as a function of x
and y. The data clearly show the temperature variation
that is linear along y = b and becomes nearly linear for
all values of y when (a — x)/a becomes larger than b/a.
The heat flux component in the x-direction ¢, /g, Fig.
3b, and the component in the y-direction, ¢,/qo, Fig. 3c,
attest to this trend. Fig. 3c clearly shows that g,/qo
assumes a near zero value when (a —x)/a > b/a. In
addition, Fig. 3b demonstrates that the heat flux com-
ponent ¢./qo suffers a singularity at y=1»5 as x ap-
proaches a. Also, ¢,/qo goes to infinity when x = a and
y = b as shown in Fig. 3c.

Fig. 4 compares solutions provided by Eqgs. (48a) and
(52). The solid lines in Fig. 4a indicate the temperature
values computed using Eq. (48a) and the dash lines with
circular symbols are those using Eq. (52). Both solutions
yield accurate results within the limitations demon-
strated in Fig. 2. The circular symbols over a solid line
imply that the dash line is hidden beneath the solid line.
The computed values of ¢,/qo are in Fig. 3b. They ex-
hibit a unique feature, that is, a constant heat flux of
4x/qo = 2/3 in layer 1 and ¢./qo = 4/3 in layer 2, when
v/a =b/a =0.25 for all values of x, see the first term in
Eq. (47). This feature extends to x = a at which, ac-
cording to the boundary condition, ¢,/qgo must be equal
to 1 in both layers, indicating an expected singularity.
This singularity is also detectable in the ¢,/q, data
plotted in Fig. 3c. Therefore, the computed ¢,/qo and
dy/qo, in Fig. 3a and b, for both solutions show the effect
of this singularity in the neighborhood of the intersec-
tion of x = a plane and y = b plane.

The convergence of temperature and flux component
data is well within the guide lines graphically demon-
strated in Fig. 2 except at the heated surface at x = a.
Table 4 is prepared to demonstrate the rate of conver-
gence of temperature at x = a as the number of eigen-

values increases. The data assume perfect contact,
R =0, and they show the convergence of the Fourier
series solution in Eq. (48a), without the contribution of
the exponentially decaying term, is relatively slow as the
number of terms increases. For comparison, the tem-
perature is also computed using Eq. (52) and it exhibits
excellent convergence away from the y =5 plane. A
comparison over a broader range of variables shows that
these two solutions are nearly identical (see Fig. 4a—c).

In the presence of a contact resistance between layers,
Eq. (35a) provides a set of eigenvalues and they should
be computed numerically. The problem remains two-
dimensional with J =7 = , except every term within
the first and second set of eigenvalues, Eqs. (36) and
(37), contributes to the solution. An extensive numerical
study of the effect of contact resistance between the
layers is in the next example.

Example 2. This example modifies the thermal conduc-
tion model studied in Example 1 in order to study the
effect of contact resistance on the three-dimensional
solution. By allowing the surface at z=0 to have a
homogeneous boundary condition of the first kind in-
stead of the second kind, the problem becomes three-
dimensional with features similar to those in Example 1.
The eigenfunction that satisfies the homogeneous
boundary condition of the first kind at z =0 is

Z,(z) = sin(v,z2)

The homogeneous boundary condition of the second
kind at z = d yields the value of v,, that is

v, =(n—1/2)njd forn=1,2,3,...

For homogeneous thermophysical properties in both
layers, Eqgs. (17a) and (17b) suggest that y =# and
Vup = 7,- In addition, using Eq. (17a) one obtains

By = /73— V2

In the presence of contact resistance, the eigenvalues for
the y-direction need to be computed numerically; how-
ever, when R = 0, Egs. (36) and (37) are equally valid for
this example. According to Egs. (36) and (37), there are
two sets of eigenvalues that contribute to this solution.
The examination of Eq. (32) reveals that, for the ei-
genvalues given by Eq. (37), the constant 4,, vanishes
when p > 1 and ¢ — b = b. Therefore, the temperature
solution in this example is similar to Example 1 with 4,
computed using equation

! —4q /d )
A, = sin[(n — 1/2)nz/d]dz
! Ny-,pNz,n ﬂy,p COSh(‘Bnpa) Jio [( / ) / ]

X {/:0 cos(y,y)dy + /y;{a, COS [y (v — b))

1D, sinfy, (v - b)}}dy} (59)
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Fig. 3. Three-dimensional views of dimensionless (a) temperature &, T (x,y)/(aqo), (b) x-component of heat flux vector ¢,/qo, and
(c) y-component of heat flux vector g,/qo as functions of x and y when b/a =1/4.

wherein
/:0 sin[(n — 1/2)nz/d] dz
—cos|(n— 1/2)nz/d)|"  d
(n—1/2)n/d o (n=1/2)n

and N,, = d/2. After appropriate substitutions, the so-
lutions in layers 1 and 2 for this highly simplified case are

T1(x7y,2)

 dgep X sin|(n — 1/2)nz/d] d
7k1+k2,71 (n—1/2)n bin—1/2)n

(omiaid) ()
> P cos b) { sin x/b
;: { y”y/ (cosh L a//b >]}

yp np
(61a)

(60)

L(x,y,2) =

4g0b N sin[(n — 1/2)nz/d) d
kl—i—kzz (n—1/2)n {b(n—l/Z)n

sinh[(n — 1/2)7x/d)| ke
% (cosh[(n— 1/2)7m/d}) (kl 1)
=, | kysin(y,(y — b)/b) [ sinh(p,x/b
5[ ()|

(61b)

where E,,p = B,,b-

To include the effect of contact resistance between the
layers, the numerical computation of eigenvalues be-
comes necessary. After selecting the appropriate eigen-
condition from Table 3, the parameters y and n were
replaced by f§ using Eqs. (7a) and (7b). Then, the loca-
tion of each eigenvalue was determined systematically by
examining the right side and left side asymptotes of the
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Fig. 4. (a) Dimensionless temperature k;7(x,y)/(aqo), (b) x-
component dimensionless heat flux ¢, /qo, and (c) y-component
dimensionless heat flux g,/qo as functions of y at different x/a
values in Example 1.

eigencondition entry in Table 3. Each eigenvalue is lo-
cated between two adjacent asymptotes. When there is
no open space between two adjacent asymptotes, that
location is where the eigenvalue is located [6]. Because

Table 4

each layer is homogeneous, all computed eigenvalues are
real. As an illustration, following the computation of
eigenvalues, temperature and heat flux components were
computed and the results are in the forthcoming para-
graph. A sophisticated numerical procedure [6] is used to
acquire a large number of eigenvalues for the y-direction
whenever necessary.

As in Example 1, there is an apparent singularity
along the interface. Therefore, the following numerical
studies address the variation of temperature and heat
flux along the interface for layers 1 and 2. The solid lines
in Fig. 5a describe the dimensionless interface temper-
ature in layer 1 and the dash lines represent those in
layer 2, both at y = b. For selected values of x, the data
describe the variation of the temperature &, 7 (x, y)/(aqo)
as a function of the z/a. As expected from the compat-
ibility conditions, in the absence of contact resistance,
the difference between solid lines and dash lines is un-
detectable. Fig. 5b is prepared similar to Fig. 5a except
there is a contact resistance R, = Rk;/a = 0.1 between
the layers. The data show that the temperature differ-
ence across the contact zone gradually diminishes when
x/a < 0.6. Next, all three components of the heat flux
components are also computed and compared. Fig. 6a
shows ¢, /qq at the interface plotted versus z/a. Note that
the data designated by dash lines in Fig. 6a are larger
than the solid lines by a factor of k,/k; =2 while this
difference is significantly reduced when there is contact
resistance, see Fig. 6b. The effect of the singularity when
x/a =1 is evinced in Fig. 6a; however, it diminishes in
the presence of contact resistance in Fig. 6b. In fact,
in the presence of contact resistance, the heat flux data in
Fig. 6b, are relatively well behaved along the x =a
plane. For a perfect contact condition, the heat flux data
in the y-direction ¢, /g, are in Fig. 7a. Similar data but in
the presence of contact resistance are in Fig. 7b. Both
sets of data satisfy the compatibility of heat flux at the
interface as they indicate no difference across the con-
tacting surfaces. The data plotted in Fig. 7a show a ra-
pid reduction in heat flux near the heated surface as x/a
decreases whereas in the presence of contact resistance,
Fig. 7b, a gradual reduction of heat flux is detectable. A
comparison of heat flux data, ¢./qo, in Fig. 8a when
R, = 0 with those for R, = 0.1 in Fig. 8b indicates that

A comparison of convergence for two different solutions at x/a= 1

x/a v/a N-terms Example 1, Eq. (48a) Alternative solution, Eq. (52)
1.0 0.0 10 7.288656763773E—-01 7.285378619630E-01
1.0 0.0 50 7.285508343313E-01 7.285373409979E-01
1.0 0.0 100 7.285339646374E-01 7.285373409979E-01
1.0 0.0 500 7.285358645438E-01 7.285373409979E-01
1.0 0.0 1000 7.285356980291E—-01 7.285373409979E-01
1.0 0.0 2000 7.285357496316E-01 7.285373409979E-01
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Fig. 5. A comparison of dimensionless temperature k7 (x,y)/
(aqo) at the interface for selected values of x/a: (a) when R, =0
and (b) when R, = 0.1.
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the effect of contact resistance is small. A small differ-
ence is detectable for large x/a values near z = 0 and, as
expected, both Fig. 8a and b show relatively high heat
flux values in the neighborhood of z = 0.

4. Remarks

The superposition of solutions, each having one
nonhomogeneous boundary condition, is the viable
method of solution. For example, when the solid de-
picted in Fig. 1 has insulating walls at y =0, y =,
x =0, and x = @ while the surface at z=0 is kept at
temperature 7; = 7, = 0 and there is a prescribed heat
flux over z = d, the solution is as given in Example 1 but
with some modifications. Egs. (26a) and (26b), in Re-
gion 1 or 2, after appropriate modifications, become

Z ZA’"P sinh(v,,,z) cos(mmx/a)

p=1 m=0

X COS(7,,0) (62a)

Ti(x,y,2)

2%, p,z Z ZA”’P sinh(v,,,z) cos(mmx/a)

m=1

C’"P [nmp(y - b)] + Bmﬁ Sin[”mp(y - b)]
(62b)

The remaining steps are identical to the case described in
Example 1. One can compute temperature using Eqs.
(45) and (46) after replacing x with z and a with 4. When
heat flux is prescribed over these two surfaces, the
temperature solution is the sum of these two solutions.
This superposition of solutions may be repeated for
other nonhomogeneous conditions.

A steady-state solution can produce accurate tem-
perature data in a layered material, except at the loca-
tion where boundary conditions are nonhomogeneous.
For an isotropic body, it is a simple task to provide a
remedy for this deficiency. One can define a function T
that can satisfy the nonhomogeneous boundary condi-
tion at that specific surface whose temperature is sought
and use the relation

T=T"+0

where 0 would be the transformed temperature solution.
This makes the boundary, whose temperature is needed,
become homogeneous by altering other conditions. In
many applications, this is a viable method of improving
data accuracy for layered materials at the nonhomoge-
neous boundaries with uniform conditions of the first
and third kind (constant temperature). However, be-
cause of the interface condition, the boundary condi-
tions of the second kind are more demanding, as
illustrated in Example 1.

The mathematical formulations presented in this
paper are equally valid for layers with orthotropic

thermal conductivities. The numerical computation of
eigenfunctions may become demanding if the eigen-
values are imaginary. In this case, a methodology de-
scribed in Ref. [4] may be used.

5. Conclusion

An accurate steady-state solution of a temperature
field in a multi-layer body is an invaluable tool for an-
alyzing heat spreaders in electronic cooling applications.
This includes heat spreaders with orthotropic or iso-
tropic layers. It can serve as an invaluable tool in ana-
lyzing thermal stress in various electronic devices.

An exact steady-state simulation can produce a high
degree of accuracy away from the boundary with a
nonhomogeneous boundary condition. In a three-
dimensional study of transient problems, often a
steady-state solution can reduce the computation time
substantially by transferring the nonhomogeneous
boundary conditions from the transient solution to a
steady-state solution.
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Appendix A. Orthogonality condition

It is necessary to establish an orthogonality condition
for a specific case when there is a nonhomogeneous
boundary condition over, e.g., the x = a surface. A
similar and parallel analysis applies to the case when the
nonhomogeneous boundary condition is located over
the z = d surface. For simplicity of analysis, Eqgs. (1a)
and (1b) can be written as

L R L R T B
(A1)

It is assumed that the materials are orthotropic, Fig. 1,
and the thermal conductivity values are independent of x
and z but they change with y from layer to layer. For a
series solution, the following relation describes the tem-
perature,

o0

= X, ()P (y,2) (A.2)

m=1

T(x,y,z)

Accordingly, each member X, (x)¥,,(y,z) of the set of
solution functions must satisfy Eq. (A.1). For two specific
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members X, (x)¥,.(y,z) and X,(x)¥,(y,z), while assum-

ing X;(3)/X(x) =, and X/(x)/%,(x) = fi. Ba. (A
- B 0)T2) = - [l T

L) % (A3)
and
— Bk () Pa(y.2) = {k (y)w ",z }

L) % (Ad4)

Multiplying Eq. (A.3) by ¥,(y,z) and Eq. (A.4) by
¥, (y,z), and then subtracting the resulting equations
following integration of both sides over y from 0 to ¢
and over z from 0 to d yields the relation

/ /yo By = Bo)ke() ¥ (v,2) ¥, (v,2) dydz

lo/yoay{w o5

V(0. >%@WW(’W}®w

R

- lPnz(y>z)alpn—(7):| (A.S)

)| 7022

0z

Both integrals on the right side of Eq. (A.5) vanish for
boundary conditions specified in the text. This equation
is equally valid in the presence of a temperature dis-
continuity at y = b that makes ¥,(y,z) also discontinu-
ous. The term inside the curly brackets in Eq. (A.5) is
continuous and it has a single value at the interface
where y = b for both layers. For layer 1, using the
compatibility conditions, Eq. (9a), one can write the
following term in Eq. (A.5) as

{02 o) 222

dy
=Y¥1,(0,2)[Pom(b,;2) — V1m(b,2)]/R — P1m(b,2)

X [Pan(byz) — P1,(b,2)]/R
= [Y1,(b,2)Pam(b,z) — V1 u(b,2)¥2,(b,z)]/R

Here, the subscripts 1 and 2 stand for layers 1 and 2 and
R is the contact resistance. This process can be repeated
for the same term at layer 2 using Eq. (9b) (or Eq. (9a))
to get

{‘Pn(y»z) [ky(y)alp#gw}

= ‘I’zﬁ,,(b7z)[‘l’2.m(b,z) — 'Plim(b72)]/R — !Pz‘m(b,z)
X [Wanu(b,z) — ¥1,(b,2)]/R
= [— leﬁ,z(b7Z) 'I’Lm(b,z) + IPZ,m(ILZ) 'Pla,,(b72)]/R

Since these two value are the same at y = b (at the in-
terface) for both layers; therefore, the term inside the
curly brackets is continuous in the presence of a contact
resistance. Finally, the orthogonality relation becomes,

B - /0/ k() P (v,2) P (p,2) dydz = 0

(A.6)
and when f, # f3,,, then
/ / )0 (3,2) ¥, (3, 2) dydz = 0 (A7)
that can be written as
d b
/ [ J e
z=0 y=0
=+ / kl,f'llz‘m()ﬁz) 'Ilz‘,l( ,Z) dy dZ = 0 (Ag)
Jy=b

This orthogonality relation includes the thermal con-
ductivities in layers 1 and 2 as the weighting function.
These derivations after minor modifications can be re-
peated when the nonhomogeneous boundary condition
is along the z-direction.
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